Abstract. Multi-skewed Brownian motion B α = {B α t : t 0} with skewness sequence α = {α k : k ∈ Z} and interface set S = {x k : k ∈ Z} is the solution to
Introduction
In [16] J.-F. Le Gall introduced a general class of stochastic processes by proving the existence and pathwise uniqueness of strong solutions to the stochastic differential equation
where L X is the symmetric local time of the unknown process X, and μ is a bounded measure such that |μ({x})| < 1 for all x ∈ R. Motivated by applications to diffusion problems in multi-layered media, this paper provides a thorough analysis of the structure of the solution to equation (1.1) in the particular case that μ is singular with respect to Lebesgue measure and is concentrated on a set S = {x k : k ∈ Z} with no accumulation points.
The diffusion process B α that solves (1.1) in the case μ = (2α − 1)δ 0 , α ∈ (0, 1), is known as skew Brownian motion and was first introduced by [13, p. 222] . The original construction consisted of independently assigning to the positive and negative excursions of reflected Brownian motion the probabilities α and 1 − α, respectively. The resulting process B α behaves like standard Brownian motion when away from the "interface" at zero, but its sample paths are skewed, namely P(B α t > 0 B α 0 = 0) = α for all t 0. While skew Brownian motion has many interesting and sometimes unexpected properties, it is of particular relevance to recent physical experiments involving diffusive transport in heterogeneous media in the presence of a single membrane; e.g., see [6, 12, 21, 15, 24, 30, 5, 18, 25, 2] . The mathematical theory underlying applications to a single interface rests largely on the foundations for skew Brownian motion as developed by [13, 11, 31, 22, 18, 1] .
The goal of this paper is twofold: (i) determine basic properties of multi-skewed Brownian motion as a regular diffusion according to the skewness sequence α and interface set S, and (ii) identify and exploit the role of B α in advection-diffusion problems in layered media in one and two dimensions. The two goals are not unrelated in that many of the models that occur in the geophysical and biological sciences involve the long-time behavior of solutions to deterministic conservation laws (Fokker-Planck equations) for a concentration of dispersing substance. So it is useful to consider both the analytic as well as stochastic features of the process.
The main results and goals will be summarized in this section, but to this end it will be useful to first introduce some special notation.
Notation. A diffusion process with sample space
where Ω is the space of continuous functions from [0, ∞) to R d , F is the σ-algebra of subsets of Ω generated by finite-dimensional cylinders, and for each x ∈ R d , P X x is a probability measure on (Ω, F ) such that P 
Whenever any of the aforementioned random processes are evaluated on multi-skewed Brownian motion B α , no superscript will be used; in the case of skew Brownian motion B α (i.e., with a single interface at zero), the superscript α will be displayed.
1.2. Multi-skewed Brownian motion and its properties. As in the single interface case (see the review in [17] ), several approaches can be used to construct and analyze multi-skewed Brownian motion. Here, B α is characterized as a special case of the solution to equation (1.1). Since the excursion decomposition fails in the case of multiple interfaces, pathwise properties of B α are explored via the representation of regular diffusions as scaled versions of Brownian motion under a random time change. Definition 1.1. Let S = {x k : k ∈ Z} and α = {α k : k ∈ Z} be such that S has no accumulation points and α k ∈ (0, 1) \ { Elements of the set S will be called interfaces, and the intervals between interfaces will be denoted by I k := (x k , x k+1 ), k ∈ Z; α k is referred to as the skewness at the interface x k . As stated in the next theorem, the features that give B α its "multi-skewed" character are: (i ) away from the interfaces, the paths of B α behave as those of Brownian motion; and (ii ) the process is skewed by α k at interface x k . Theorem 1.2. Let B = {B t : t 0} be standard Brownian motion with law
It follows from Theorem 1.2 that multi-skewed Brownian motion has speed m and scale measure s that are absolutely continuous with respect to Lebesgue measure and have piecewise constant densities. A closer look at the asymptotic behavior of m and s reveals the role that the skewness α and the separation between interfaces play in the recurrence properties of B α . One thus has the following:
If, in addition,
for all but finitely many k ∈ N, then B α is positive recurrent.
1.3.
Applications to advection-diffusion in layered media. The object of Section 3 is the following initial value problem in L 2 (R 2 ):
and D x is constant on "layers" parallel to U ; that is,
The tensor D is moreover assumed elliptic on compact sets of R 2 and bounded everywhere, with U / √ D y bounded. A problem related to the case where U is perpendicular to the surface of discontinuity of D x is treated in [1] .
The stochastic process X "associated" with (1.6), that is, the diffusion with infinitesimal generator A X u = ∇· 
and denote its inverse by 
, t 0 and Y is the Itô process given by
Section 4 treats a particular example of a periodic layered medium and exploits the structure of B α to determine the asymptotic behavior of X. Specifically, consider a periodic layered medium composed of two homogeneous materials occupying alternating layers. That is, let J k := (z k , z k+1 ) with z 0 = 0 and Figure 1 ). For this particular periodic arrangement, the asymptotic behavior of X is given by Theorem 1.5. Let X = (X, Y ) be as in (1.11) and (1.12). Then (i ) (1.14) lim
(ii ) Y satisfies the following central limit theorem: As n → ∞, the distribution of 
Multi-skewed Brownian motion and properties
Consider a countable set of real numbers S := {x k : k ∈ Z}, with x 0 = 0, x k < x k+1 for all k, and no accumulation points. Define the skewness sequence 
which by setting s 0 = 1 for normalization gives
Note that since S has no accumulation points, m and s each define a Radon measure, and therefore the process B α determined by these measures can be constructed as a random time change of Brownian motion (for details see [8, p. 371] ). More specifically let B = {B t : t 0} be Brownian motion on R with local times {L B (t, x) : t 0, x ∈ R}. Letm be the measure on (R, B) with piecewise constant
and τ (t) = inf{r 0 : φ(r) = t}. Let Φ(B) = {s −1 (B τ (t) ) : t 0} and define
0, is a canonical model for a regular diffusion satisfying properties (1.2) and (1.3). (Here, the symbol s is also used to denote the scale function, that is,
α is a multi-skewed Brownian motion in the sense of Definition (1.1), note that Tanaka's formula on (
− respectively (see [31] ) gives for k ∈ Z and t 0,
On the other hand, (2.5) and Tanaka's formula on s −1 (B τ (t) ) give
0, and f ∈ C b (the Banach space of bounded continuous functions on R) is continuous with respect to uniform convergence on compact subsets of R, and is strongly continuous on C 0 , the set of functions in C b that vanish at infinity [14, Chapter 19] .
Furthermore, A can also be explicitly computed in terms of the measures m and s (see [9, Theorem 75]), which gives 
The result follows by the uniqueness of the Laplace transform and the fact that D A = Ran(G λ ). Writing μ = m and using (2.7), one also obtains
Therefore the speed measure m is invariant for T .
By definition, the regularity of the diffusion B α ensures that P x (H y < ∞) > 0 for all x, y ∈ R. The process B α is called (point) recurrent if P x (H y < ∞) = 1 for all x, y ∈ R and is called transient otherwise. B α would be called positive recurrent if, in addition to being recurrent, P x (B α t ∈ K) does not converge to zero as t → ∞ for any x ∈ R and compact set K with nonempty interior [14, p. 465] .
The following theorem, out of which Theorem 1.3 follows as an easy corollary, characterizes the conditions for recurrence, positive recurrence and existence of an invariant probability measure. The proof relies in part on classic results but is of interest for it exploits a birth-death Markov chain naturally associated with multi-skewed Brownian motion. Proof. Consider the discrete process given by the consecutive visits of B α to distinct interfaces; namely, let η 0 = inf{t 0 : B α t ∈ S} and define recursively (2.8)
where for t 0, θ t is the shift operator, θ t (ω) = θ(t + ·), ω ∈ Ω. The strong Markov property of B α gives that the process Z = {Z n : n 1} is a Markov chain with values on S and transition probabilities and n 1, (2.9)
where (2.10)
Also, B α is recurrent if and only if Z is recurrent. The theory of discrete time birth-death process (see for example [7] ) gives that Z is recurrent if and only if (2.11)
To prove the equivalence between statements (i ) to (iii ), apply Lemma 23. Since m is invariant for T = {T t : t 0}, the semigroup of
In what follows, boldface will be used to denote operators corresponding to L 
Proof. The interface conditions in (2 .7) give [27] . This establishes (2.13). To obtain the jump condition on ∂u, fix k and choose a subsequence of {f n : n 0} (denoted again by f n ) such that f n a.e. 
− − → u and
The function ∂u can now be defined on all of R, and integration by parts yields
Applying (2.16) to u and f n − u gives u ∈ H 1 m . IfD A denotes the set on the right-hand side of (2.14), it has been proven so far that D A ⊆D A . For the other inclusion, extend the bilinear form defined by A, 
Advection-diffusion in layered media
We turn our attention to the initial value problem (1.6) with D and U given by (1.7) and (1.8). On the analytic side, the existence of a diffusion process associated with parabolic operators with discontinuous coefficients has been established in very general settings and using various analytical techniques by [28, 23, 21, 10, 19, 4] , and others.
Let c(t, x) be the solution to Kolmogorov's forward equation (the adjoint of
, where E is the bilinear form naturally associated with (1.6),
The scalar field c(t, x) defined by (3.1) serves as a model for the concentration of a solute undergoing diffusion-advection in a medium with diffusion tensor In what follows we combine the theory of Dirichlet forms and martingale theory to extend the result of [25] to the case of infinite interfaces and associate equation (3.1) to a diffusion process X = {X t : t 0} on R 2 given in terms of a particular multi-skewed Brownian motion. As X models the microscopic motion of individual solute particles, this characterization gives insight into the effect that sharp discontinuities in D have on the essential stochastic behavior of suspended particles.
Following [19] one can establish that E(·, ·) in (3.2) extends uniquely to a regular and local Dirichlet form (also denoted by E) on
denotes the Sobolev space of order one with respect to the measure dD(x) := D x D y dx. By [19, Theorem V.1.11], there exists a diffusion process X = {X t : t 0} on R 2 associated with (E, D E ) and with infinitesimal generator given by
The process X is characterized in Theorem 1.4, which we now prove.
Proof of Theorem
α ) be multi-skewed Brownian motion as in the statement of the theorem. Since ψ is a one-to-one continuous function, X = ψ(B α ) is a regular diffusion with infinitesimal generator given by
Let W be standard Brownian motion independent of B α , and let {P x } x∈R 2 be the family of probability measures generated by the process (B α , W ) on the two-dimensional Wiener space (Ω, F ). The proof is finished by establishing that X := (X, Y ), with X constructed above and Y defined as in (1.12), solves the martingale problem for the operator A X under P x for all x ∈ R 2 . This is proven in [25, Lemma 2.3] for the case of D x , D y bounded away from zero. A localization argument, i.e., [29, Theorem 6.6 .1], guarantees that this argument can be carried out without change to the case of D given by (1.7). 
On the other hand, since |J k | > δ √ D k must hold for some δ > 0, the invariant measure for X will be finite if and only if δ
which violates the boundedness of D x . In the case of a finite state space and a finite number of layers, ergodicity is possible when reflecting boundaries are introduced, and in particular, a central limit theorem for the two-dimensional process X can be obtained (see [25] ). This is referred to as the Taylor-Aris problem in geophysical contexts.
Example: A geometry with alternating layers
We now consider advection-diffusion in the particular two-dimensional periodic arrangement of layers with alternating widths described by equation (1.13) and the accompanying text. See also Figure 1 .
If (Ω, F , {P x } x∈R 2 , X) denotes the diffusion constructed in Theorem 1.4 for these particular choices of U and D, then
Here, ψ is given in equation (1.9), W is a standard Brownian motion independent of X, and B α is a multi-skewed Brownian motion with interfaces S = {x k = ϕ(z k ) : k ∈ Z}, ϕ := ψ −1 , and skewness sequence α with values
The speed and scale measures of B α have densities with values
For ease of exposition, the proof of Theorem 1.5 will be given in two parts. First we consider the limits in (1.14). The central limit theorem in part (ii ) of that theorem will be proved near the end of this section.
Proof of part (i ) of Theorem 1.5. Consider the discrete process Z n = X η n tracking the visits of X to the interfaces as in (2.8) with X 0 = Z 0 = 0, η 0 = 0. The symmetry of the arrangement of layers makes {η n+1 − η n : n 0} a sequence of i.i.d. positive random variables with the same distribution as E
. The process Z is a Markov chain with values on {z k : k ∈ Z} and i.i.d. increments {Z 2(n+1) − Z 2n : n 0} taking the value 0 with probability β 2 + (1 − β) 2 , and l 1 + l 2 or −l 1 − l 2 with equal probability β(1 − β). Consider the renewal process {N (t) : t 0} given by N (t) = sup{n 0 : η 2n < t}. One then has the following decomposition:
Since E 0 (Z 2n − Z 2(n−1) ) = 0 for all n, the strong law of large numbers gives
We now turn our attention to the transversal process Y and its asymptotic behavior described in (1.15) . It is evident that Y is determined by the time the process X spends on M 1 and M 2 respectively. To this effect we prove first the following slightly general but elementary result. Therefore, the following system of equations holds true with probability one for all t 0: (4.7) 2 m 1 OX A 1 (t) + 2 m 2 OX A 2 (t) = τ (t), OX A 1 (t) + OX A 2 (t) = t.
Solving gives (4.5).
The asymptotic behavior of Y will follow from applying the results of [25] to an ergodic processX = (X,Ȳ ) related to X. From a mathematical perspective, Proposition 4.1 may be viewed as a form of a generalized "arcsine" Laplace transform for multi-skewed Brownian motion. An arcsine law for skew Brownian motion was obtained in [3] using techniques from the theory of excursions applied in the context of Brownian motion on graphs with a single vertex, of which skew Brownian motion is a special case. The following corollary exhibits this as a special case of Proposition 4.1 with an alternative straightforward proof. 
